Abstract. We show that the weights on a tropical variety can be recovered from the tropical scheme structure proposed in [GG13], so there is a well-defined HilbertChow morphism from a tropical scheme to the underlying tropical cycle. For a subscheme of projective space given by a homogeneous ideal I we show that the Giansiracusa tropical scheme structure contains the same information as the set of valuated matroids of the vector spaces I d for d ≥ 0. We also give a combinatorial criterion to determine whether a given relation is in the congruence defining the tropical scheme structure.
Introduction
The tropicalization of a subvariety Y in the n-dimensional algebraic torus T is a polyhedral complex trop(Y ) that is a "combinatorial shadow" of the original variety. Some invariants of Y , such as the dimension, are encoded in trop(Y ). The complex trop(Y ) comes equipped with positive integer weights on its top-dimensional cells, called multiplicities, that make it into a tropical cycle. This extra information encodes information about the intersection theory of compactifications of the original variety Y ; see for example [KP11] .
In [GG13] the authors propose a notion of tropical scheme structure for tropical varieties, which takes the form of a congruence on the semiring of tropical polynomials (see §2). When Y ⊂ T is a subscheme defined by an ideal I ⊂ K[x ±1 1 , . . . , x ±1 n ] this congruence is denoted by Trop(I). In [GG13] the tropical scheme structure is defined in the slightly more general context of F 1 -schemes.
In this paper we investigate the relation between these tropical schemes, ideals in the semiring of tropical polynomials, and the theory of valuated matroids introduced by Dress and Wenzel [DW92] . We also show that the tropical cycle of a scheme can be reconstructed from the corresponding congruence.
Our first result is the following. When the valuation on K is trivial, this says that the tropical scheme structure Trop(I) is equivalent to the information of the supports of all polynomials in I, and also of the (standard) matroids of the vector spaces I h d . Theorem 1.1 is mostly proved in Section 2, though we postpone the discussion of valuated matroids, including recalling their definition, to Section 4. The version proved there (Theorem 4.2) also holds for a subscheme Z ⊂ P n given by a homogeneous ideal in K[x 0 , . . . , x n ]. In Section 3 we show that the tropical cycle structure on a tropical variety trop(Y ) can be recovered from its tropical scheme structure, answering the question raised in [GG13, Remark 7.2.3]. The classical Hilbert-Chow morphism takes a subscheme of P n to the associated cycle in the Chow group of P n . Theorem 1.2 can thus be thought of as a tropical version of this morphism.
Finally, in Section 4 we investigate in more depth the structure of the congruence Trop(I), and use ideas from valuated matroids and tropical linear spaces to characterize when a relation lives in Trop(I). We also show that any tropical polynomial has a distinguished representative in its equivalence class in Trop(I), and give a combinatorial procedure to compute it.
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Tropical varieties and their scheme structure
In this section we recall the necessary background on tropical geometry and the definition of the tropical scheme structure proposed in [GG13] . We also develop some fundamental properties of these congruences, leading to part of the proof of Theorem 1.1.
Throughout this paper we denote by R the tropical semiring (or min-plus algebra)
R := (R ∪ {∞}, min, +), and by B its Boolean subsemiring consisting of {0, ∞} with the induced operations. We denote by
1 , . . . , x
±1
n ] andS := R[x 0 , . . . , x n ] the semirings of tropical Laurent polynomials and tropical polynomials in the variables x = (x 1 , . . . , x n ) and x = (x 0 , . . . , x n ), respectively. Elements of S orS are (Laurent) polynomials with coefficients in R where all operations are to be interpreted tropically. Explicitly, if F ∈S then F has the form F (x) = min u∈N n+1 (a u + x · u), where a u ∈ R and all but finitely many of the a u equal ∞. Elements of S have the form F (x) = min u∈Z n (a u + x · u), where again a u ∈ R and all but finitely many a u equal ∞. Note that elements of S andS are regarded as tropical polynomials, not functions. By this we mean that F (x) = min(2x, 0) and G(x) = min(2x, 1 + x, 0) are different as elements of S, even though F (w) = G(w) for all w ∈ R.
We adopt the notational convention that lower case letters denote elements of the conventional (Laurent) polynomial ring with coefficients in K and upper case letters denote tropical (Laurent) polynomials with coefficients in R. Tropical polynomials are always written using standard arithmetic.
The support of a (Laurent) polynomial f = c u x u is the subset of N n+1 (respectively Z n ) defined by supp(f ) := {u : c u = 0}. Similarly, for a tropical (Laurent) polynomial F = min(a u + x · u) we write supp(F ) := {u : a u = ∞}. We call a u the coefficient in F of the monomial u.
Fix a field K with a valuation val : K → R. We write R for the valuation ring {a ∈ K : val(a) ≥ 0}, and k for the residue field R/{a
The tropical hypersurface defined by f is trop(V (f )) := {w ∈ R n : the minimum in trop(f )(w) is achieved at least twice}.
The tropicalization of a variety
For more details on tropical varieties see [MS13] . Classically, a subscheme of the n-dimensional torus T is defined by an ideal in the Laurent polynomial ring K[x ±1 1 , . . . , x ±1 n ]. There are two possible ways to tropicalize this. The first gives an ideal in the semiring S of tropical Laurent polynomials.
n ] be an ideal. The ideal trop(I) in the semiring S is generated by the tropical polynomials trop(f ) for f ∈ I:
The definition of trop(I) is the same for an ideal in K[x 0 , . . . , x n ].
Note that if the value group Γ := im val of K equals all of R and the residue field k is infinite then every tropical polynomial in the ideal trop(I) has the form trop(f ) for some f ∈ I. Indeed, in that case min(a + x · u) + trop(f ) = trop(cx u f ) for any c ∈ K with val(c) = a, and min(trop(f ), trop(g)) = trop(f + αg) for a sufficiently general α ∈ K with val(α) = 0.
A different approach to tropicalizing the scheme defined by I is given in [GG13] . Here the ideal I gives rise to a congruence on S. This is an equivalence relation on S that is closed under tropical addition and tropical multiplication. In standard operations, this means that
} is a congruence, and all congruences on S arise in this fashion. This is a key reason to consider congruences instead of only ideals. For a subset {(F α , G α ) : α ∈ A} of S × S there is a smallest congruence on S containing F α ∼ G α for all α ∈ A, which we denote by F α ∼ G α α∈A . All these notions also make sense for the semiringS.
The following definitions are taken from Definitions 5.1 and 6.1.4 of [GG13] .
Definition 2.2. Let F be a tropical (Laurent) polynomial. For v ∈ supp(F ) we write Fv for the tropical polynomial obtained by removing the term involving v from
The bend relations of F are:
n ], the scheme-theoretic tropicalization of I is the congruence on S
We use the same definition for
In [GG13] the authors show that the tropical variety of an ideal I can be recovered from the congruence Trop(I) as trop(V (I)) = Hom(S/Trop(I), R), where the homomorphisms are semiring homomorphisms. Explicitly, this means that
Remark 2.3. When I is a binomial ideal, an equivalent congruence appears in the work of Kahle and Miller [KM11] . For a binomial ideal I ⊂ K[x 1 , . . . , x n ] they define a congruence on the monoid N n generated by the relations {u ∼ v : ∃λ ∈ K * such that x u − λx v ∈ I}. These relations, with the addition of u ∼ ∞ whenever x u ∈ I, generate the congruence Trop(I) on B[x 1 , . . . , x n ] when K has the trivial valuation.
In the rest of this section we develop some basic properties of these congruences, leading to a proof of part of Theorem 1.1. We will make repeated use of the following result on congruences on S. By a monomial in S we mean a tropical polynomial whose support has size one.
Lemma 2.4. The congruence F α ∼ G α α∈A on S is equal to the transitive closure of the set U of relations of the form
where α ∈ A, H ∈ S, and M is a monomial in S. and their reverse, where F = trop(f ) for some f ∈ I, v ∈ supp(f ), a ∈ R, and H ∈ S.
Proof. By [GG13, Lemma 2.4.5] we know that F α ∼ G α α∈A is the transitive closure of the subsemiring of S ×S generated by the elements F α ∼ G α , G α ∼ F α , and 1 ∼ 1. We first show that this is in fact the transitive closure T of the S-subsemimodule N (as opposed to the S-subsemiring) of S × S generated by these elements. Let F ∼ G and F ′ ∼ G ′ be elements of T . We will show that their tropical product is also in T , so T is a subsemiring of S × S, as desired. By definition, there exist chains
We now prove that all relations in N are in the transitive closure of the set U. Any relation in N has the form
where all the Q i are in S, all the relations F i ∼ G i are in {F α ∼ G α } α∈A , and Q ∈ S. By allowing some of the relations F i ∼ G i to be equal, we can assume that the Q i are monomials in S. For l = 0, 1, . . . , s, let H l ∈ S be defined by
The last claim of the lemma follows from the fact that Trop(I) is generated by the relations trop(f ) ∼ trop(f )v for f ∈ I. If f ∈ I then x u f ∈ I, so we may replace the tropical monomial M by a scalar a.
Remark 2.5. If the value group Γ = im val equals all of R then for all scalars a ∈ R we can find α ∈ K with val(α) = a, so a + trop(f ) = trop(αf ). Therefore, in this case the congruence Trop(I) can be described as the transitive closure of the set of relations of the form min(trop(f )v, H) ∼ min(trop(f ), H) and their reverse, where f ∈ I, v ∈ supp(f ), and H ∈ S.
The following proposition is the key technical result that is needed to prove Theorem 1.2 and parts of Theorem 1.1.
n ], and let F ∼ G be a relation in the congruence Trop(I) on S, where F = min(α u + x · u) and G = min(β u + x · u). Then there is a chain F = F 0 ∼ F 1 ∼ · · · ∼ F s ∼ F s+1 = G of relations in Trop(I) satisfying the following two properties.
or the reverse, for some g ∈ I, H ∈ S, and m ∈ R.
Proof. By Lemma 2.4 there is a chain F = F 0 ∼ F 1 ∼ · · · ∼ F s ∼ F s+1 = G of relations in Trop(I) with the property that for each i we have
or the reverse, for some polynomial g i ∈ I, v ∈ supp(g i ), H i ∈ S, and m i ∈ R. We now show that we can modify this chain to get a chain where the coefficients have the required form. We represent the given chain by a path of length s + 1 with vertices labelled by the F i and an oriented edge labelled by v from min(
We claim that we can locally modify the path by switching the order of adjacent edges or amalgamating edges if the labels agree, in the following six ways:
By repeated use of the first of these operations we may assume that all left-pointing arrows in the path come before all right-pointing arrows. If v appears as an arrow label on more than one arrow, by repeated use of the second and third operations we may assume that the left-pointing arrows labelled by v are the last left-pointing arrows, and the right-pointing arrows labelled by v are the first right-pointing arrows. By repeated use of the last three operations we can then replace these arrows by at most one arrow labelled by v. In this fashion we get a new chain F = F 0 ∼ F 1 ∼ · · · ∼ F s ∼ F s+1 = G where each arrow label occurs exactly once. As the coefficient of v in F i equals that in F i+1 unless the arrow between F i and F i+1 is labelled by v, this means that the coefficient of v changes at most once in the path from F to G, so for all F i the coefficient of v equals the coefficient of v in either F or G.
It thus suffices to prove the possibility of the six arrow replacements. In each case we make use of the fact that the coefficients of F i−1 , F i and F i+1 all agree for monomials u = v, v ′ .
• Case
, and note that this equals min(m i+1 +trop(g i+1 ), H ′ i+1 ). In addition,
′ both terms in this minimum are at least the coefficient of u in F i−1 , which equals that in
). This again gives the relation
. This is identical to the previous case with the roles of F i−1 and F i+1 reversed.
then with the same construction we can replace
. This is identical to the previous case, with the roles of F i−1 and F i+1 reversed.
The first of the six cases of this proof is the only one that cannot be reversed. Indeed, in the congruence Trop( x + y ) we have the relations x ∼ min(x, y) ∼ y but neither x ∼ ∞ nor y ∼ ∞.
A congruence J onS or S is homogeneous with respect to a grading by deg(x i ) = δ i ∈ Z if J is generated by relations of the form F ∼ G where F and G are both homogeneous of the same degree. For a tropical polynomial F we write F d for its homogeneous component of degree d, where d ∈ Z.
Proposition 2.7. Let J be a homogeneous congruence onS or S.
Proof. Let J = {F α ∼ G α : α ∈ A} be a homogeneous generating set for J, and fix
The dth graded piece of
We will also need the notion of the homogenization of a congruence on S. This will play the same role as the homogenization of an ideal in the usual Laurent polynomial ring with coefficients in K. Geometrically, this is the tropical analogue of taking the projective closure of a subvariety of (K * ) n .
Recall that the homogenization of a polynomial
, where |u| = u 1 + · · · + u n , and deg(f ) is the maximum of |u| for which c u = 0. For an ideal
Definition 2.8. Given F = min(a u + x · u) ∈ S, we denote by deg(F ) the maximum max(|u| : a u = ∞). If supp(F ) ⊂ N n , we writeF for the tropical polynomial inS given byF :
Let J be a congruence on S. The homogenization J h of J is the congruence
Proposition 2.9. Let I be an ideal in
n ], and let I h ⊂ K[x 0 , . . . , x n ] be its homogenization. Then we have the equality of congruences onS
Proof. Let f be a homogeneous polynomial in I h . Write g = f | x 0 =1 . Note that g ∈ I, and f = x a 0g for some a ≥ 0. For a monomial x u ∈ K[x 0 , . . . , x n ] write u ′ for the projection of u onto the last n coordinates.
Choose u ∈ supp(f ), and consider the relation trop(f ) ∼ trop(f )û ∈ Trop(I h ). The homogenization of the relation trop(g) ∼ trop(g)û′ ∈ Trop(I) is
Adding ax 0 ∼ ax 0 to this relation gives the relation trop(f ) ∼ trop(f )û. Since these relations generate Trop(I h ), it follows that
For the converse, it suffices to consider a relation of the form F ∼ G for F ∼ G ∈ Trop(I) with both F, G non-Laurent tropical polynomials, and show that it is a relation in Trop(I h ). By Proposition 2.6 we can find a chain
where v ′ ∈ N n+1 has last n coordinates equal to v, and the numbers b, d satisfy
Each relation F i ∼ F i+1 is homogeneous of degree at most max(deg(F ), deg(G)). The righthand side of F i−1 ∼ F i and the lefthand side of F i ∼ F i+1 are either identical or differ by a multiple bx 0 , with b ∈ N equal to the difference between their degrees. Thus we can add a multiple of x 0 to both sides of the lower degree relation to get two relations whose adjacent terms coincide. Doing this for the string F 0 ∼ F 1 , . . . , F s ∼ F s+1 gives a chain of relations in Trop(I h ) of the same degree, whose first entry is ax 0 + F and whose last entry is bx 0 + G for some a, b ∈ N with at most one of a and b nonzero. Taking the transitive closure we get ax 0 + F ∼ bx 0 + G ∈ Trop(I h ). This relation equals F ∼ G, which completes the proof.
Note that the use of Proposition 2.6 was key in the proof of Proposition 2.9. We are now in position to prove the equivalence (1) ⇔ (2) of Theorem 1.1 from the introduction.
Proof of (1) ⇔ (2) of Theorem 1.1. We first show that the ideal trop(I) determines the congruence Trop(I). For a tropical polynomial F ∈ trop(I) and u ∈ supp(F ) we can form the relation F ∼ Fû. Any F ∈ trop(I) has the form min 1≤i≤s (a i + trop(f i )) for some f 1 , . . . , f s ∈ I and a i ∈ R. The polynomial Fû is then min(a i + trop(f i )û), where we set trop(f i )û = trop(f i ) if u ∈ supp(f i ). Thus F ∼ Fû equals the minimum of (a i +trop(f i )) ∼ (a i +trop(f i )û) for 1 ≤ i ≤ s, so it lies in Trop(I). The congruence Trop(I) is generated by relations of the form trop(f ) ∼ trop(f )û for f ∈ I. These are of the form F ∼ Fû for F ∈ trop(I), so Trop(I) equals the congruence generated by {F ∼ Fû : F ∈ trop(I), u ∈ supp(F )}.
Conversely, Proposition 2.9 implies that the congruence Trop(I) determines the congruence Trop(I h ) onS, where 
Multiplicities
In this section we prove Theorem 1.2. The strategy is to define a Gröbner theory for congruences on the semiring of tropical polynomials, which lets us determine the multiplicities from the tropical scheme.
We first recall the definition of multiplicity for maximal cells of a tropical variety.
n is the support of a pure d-dimensional Γ-rational polyhedral complex. This means that trop(Y ) is the union of a set Σ of d-dimensional polyhedra of the form {w ∈ R n : Aw ≤ b} where A ∈ Q r×n and b ∈ Γ r for some r ∈ N, and these polyhedra intersect only along faces. See [MS13, Chapter 3] for more details.
Let
n ] be the ideal of Y . Fix a group homomorphism Γ → K * , which we write w → t w , satisfying val(t w ) = w. This may require replacing K by an extension field; see [MS13, Chapter 2]. For a in the valuation ring R we write a for its image in k. Fix w in the relative interior of a d-dimensional polyhedron σ ∈ Σ. We denote by in
n ] the initial ideal of I with respect to w, in the sense described in [MS13, §2.4] . This is the ideal in w (I) := in w (f ) : f ∈ I , where for f = c u x u the initial form in w (f ) equals val(cu)+w·u=γ t − val(cu) c u x u , with γ = min(val(c u ) + w · u) = trop(f )(w).
The multiplicity of w is the multiplicity of the initial ideal in w (I):
where the sum is over the minimal associated primes of in w (I), and mult(P, in w (I)) is the multiplicity of the associated primary component. See [MS13, Chapter 4] for more details. If coordinates on the torus (K * ) n have been chosen so that in w (I) has a generating set involving only the variables x d+1 , . . . , x n , then We now extend the definition of initial ideals to congruences onS and S. 
Note that if F (w) = G(w) then this is in
For a congruence J onS, the initial congruence of J with respect to w is the congruence on B[x 0 , . . . ,
The initial form with respect to w ∈ R n of a relation between tropical Laurent polynomials and the initial congruence of a congruence on S are defined analogously.
, and let F = min(0+x, 1+y, 2+z) ∈ S. For u = (1, 0, 0) we have the relation F ∼ Fû, which is min(0 + x, 1 + y, 2 + z) ∼ min(1 + y, 2 + z). If w = (2, 1, 3), the initial form in w (F ∼ Fû) of this relation is min(x, y) ∼ y. For w = (1, 2, 2) the initial form is x ∼ ∞. ♦
As in standard Gröbner theory, the initial congruence of a congruence generated by {F α ∼ G α } α∈A for some set A is not necessarily generated by {in w (F α ∼ G α )} α∈A . For example, for w = (0, 1, 2) and the congruence J on R[x, y, z] generated by {x ∼ y, x ∼ z}, we have y ∼ z ∈ J, so y ∼ ∞ ∈ in w (J). However, the initial form of both x ∼ y and x ∼ z is x ∼ ∞, and y ∼ ∞ ∈ x ∼ ∞ . Definition 3.1 is designed to commute with tropicalization of polynomials, as the following lemma shows.
The same holds for f ∈ K[x 0 , . . . , x n ] and w ∈ R n+1 .
The first key result of this section is the following, which says that taking congruences commutes with taking initial ideals. Proof. Fix w ∈ R n . The congruence Trop(in w (I)) is generated by relations of the form trop(g) ∼ trop(g)v for g ∈ in w (I) and v ∈ supp(g). We first note that we can write g = in w (f i ) for some f i ∈ I with supp(
, so we may assume that u i = 0 and a i = 1. If the minimum in both trop(f i )(w) and trop(f j )(w) is achieved at the term involving u, where the coefficient of x u in f i is c and the coefficient in f j is d, then γ := trop(f j )(w) − trop(f i )(w) = val(d) − val(c) ∈ Γ, and we can find α ∈ K with val(α) = val(d) − val(c) and αt − val(α) = 1. We then have h = f j + αf i ∈ I, and in w (h) = in w (f i ) + in w (f j ). We may thus replace f i , f j by h, and repeat this procedure until the supports of the in w (f i ) are disjoint. Note that this implies that trop(g) = min(trop(in w (f i ))). Now, for v ∈ supp(in w (f 1 )) we can write H = min For the reverse inclusion, let (
, H i ) (or the reverse), satisfying the conditions of Proposition 2.6. In particular, we have γ := min(F (w), G(w)) ≤ F i (w) for all i. For any F i = min(a u + x · u) in this chain, define F ′ i := min au+x·u=γ (x · u). Note that F ′ i might be equal to ∞. We claim that the chain
To prove the claim, consider first the case where
where we note that in w (trop(g i ))û may equal ∞. (g i )) û. In all cases, Lemma 3.3 ensures that the relation Trop(in w (I) ). Now, suppose that F i (w) < F i+1 (w). If γ = F i (w) then trop(g i )(w) < H i (w) and in w (g i ) is a monomial. This means that (F
is the relation ∞ ∼ ∞, which is in Trop(in w (I) ).
Note that the second condition in Proposition 2.6 was crucial in this proof. We are now ready to prove Theorem 1.2. The proof requires understanding the effect of changes of coordinates on tropical varieties and congruences. The group GL(n, Z) acts on S by monomial change of coordinates. Explicitly, a matrix A sends a tropical polynomial f (x) = min(a u + x · u) to min(a u + x · Au) = f (A T x). We write A · f for this transformed polynomial. If J is a congruence on S then A · J is the congruence generated by {A · f ∼ A · g : f ∼ g ∈ J}. This action is the tropicalization of the action of GL(n, 
, and thus equals mult(w).
By [GG13, Theorem 7.1.5] the Hilbert polynomial of a homogeneous ideal J can be recovered from its tropicalization Trop(J) ⊂S, so to show that mult(w) can be recovered from Trop(I) it is enough to show that Trop(in w (I) h ) can be recovered from Trop(I). By Proposition 2.9 we have Trop(in w (I) h ) = Trop(in w (I)) h , and by Proposition 3.4 we have Trop(in w (I)) h = in w (Trop(I)) h , so the result follows.
We can thus recover the tropical cycle from the tropical scheme. This can be considered as a tropicalization of the Hilbert-Chow morphism that takes a scheme to the underlying cycle.
Tropical schemes and valuated matroids
In this section we investigate in more depth the structure of the equivalence classes of Trop(I). We restrict our attention to the case where I is a homogeneous ideal in the polynomial ring K[x 0 , . . . , x n ]; an understanding in this case extends to ideals in K[x ±1 1 , . . . , x ±1 n ] using Proposition 2.9. We prove that any homogeneous tropical polynomial F ∈S has a distinguished representative in its equivalence class, and we give a computationally tractable description of it. The combinatorial machinery that naturally keeps track of the information contained in the congruence Trop(I) is that of valuated matroids.
Valuated matroids are a generalization of the notion of matroids that were introduced by Dress and Wenzel in [DW92] . Our sign convention is, however, the opposite of theirs. For basics of standard matroids, see, for example, [Oxl92] .
Let E be a finite set, and let r ∈ N. Denote by E r the collection of subsets of E of size r. A valuated matroid M on the ground set E is a function p : and every u ∈ B − B ′ there exists v ∈ B ′ − B with
The support supp(p) := {B ∈ 
Under the pairing ·, · : With these definitions in place, we can now finish the proof of Theorem 1.1. We restate it in a slightly generalized form, allowing more general projective schemes. (2) given at the end of Section 2 included the proof for general homogeneous ideals, as we never used that I h was a homogenization. The proof given there that (2) determines (1) is also valid for homogeneous ideals.
The elements of trop(I) d are the vectors of the valuated matroid M(I d ), so trop(I) determines and is determined by the set of valuated matroids {M(I d )} d≥0 . This shows (2) ⇔ (3).
When
n ], the ideal trop(I h ) inS is the homogenization of the ideal trop(I) in S, and also trop(I) = trop(I h )| x 0 =0 . This shows that trop(I) determines trop(I h ) and conversely, so the last part follows from the first.
We now investigate in more depth the structure of the equivalence classes of Trop(I). In what follows, for any homogeneous tropical polynomial F ∈S d and any u ∈ M d , we denote by F u the coefficient of F corresponding to the monomial u. For F, G ∈S d , we say that F ≤ G if the inequality holds coefficient-wise, so
We will restrict our attention to the case where the subspace I d contains no monomial, so the matroid M(I d ) is a loopless matroid. When I does contain a monomial g = ax u , the congruence Trop(I) contains the relation trop(g) ∼ trop(g)û = ∞. For any tropical polynomial P ∈S d and any λ ∈ R, the relation min(P, λ + x · u) ∼ P is then in Trop(I). This implies that the equivalence class of a tropical polynomial F ∈S d does not depend on the coefficient of the monomial u, so we would not lose information by ignoring this coefficient.
The subtraction here is in usual arithmetic, where we follow the convention that
The assumption that M(I d ) is loopless ensures that this maximum is over a nonempty set, so λ C,u ∈ R. Equivalently, λ C,u satisfies
We define the tropical polynomial π(F ) ∈S d to be the tropical sum
where the inner minimum is taken over all circuits C of M(
where the inner minimum is only over those circuits C containing v.
Example 4.3. Consider the ideal I = x + y + tz, x + y + t 2 w in C{{t}}[x, y, z, w]. The underlying matroid M(I 1 ) in degree one has ground set M 1 = {x, y, z, w}, and circuits {x, y, z}, {x, y, w}, and {z, w}. The valuated matroid M(I 1 ) has valuated circuits min(x, y, 1 + z), min(x, y, 2 + w), and min(z, 1 + w). Consider the tropical polynomial F = min(x, 1 + y) ∈ R[x, y, z, w]. The polynomial π(F ) is equal to π(F ) = min(F , 1 + min(x, y, 1 + z) , 1 + min(x, y, 2 + w) , ∞ + min(z, 1 + w)) = min(x, 1 + y, 2 + z, 3 + w).
Similarly, for the tropical polynomial F ′ = 2 + w ∈ S we have
The following proposition shows that π(F ) is the coefficient-wise smallest tropical polynomial in the equivalence class of F in Trop(I). It is thus a distinguished representative of the equivalence class. 
In the proof of Proposition 4.4 we will make use of the following facts about valuated circuits:
(1) If H is a vector of M(I d ) with u ∈ supp(H) then there is a valuated circuit G with H is a vector and G is a valuated circuit of M(I d ) with
Fact (1) follows from Theorems 3.4 and 3.5 of [MT01] and the definition given there of the function φ X →V (X ). Fact (2) is a combination of Fact (1) and the valuated circuit elimination axiom [MT01, Theorem 3.1 (VCE)].
Proof of Proposition 4.4. Property (a) follows directly from the definition, since F is a tropical summand of π(F ). Property (b) follows from properties (c) and (d), which we now prove. In order to show that Property (c) holds, fix an enumeration {(u 1 , C 1 ), . . . , (u s , C s )} of the set {(u, C) : C is a circuit of M(I d ) and u ∈ C}. For 0 ≤ i ≤ s, set
so that H 0 = F and H s = π(F ). By Equation (4.2), for any i we have
is a congruence, the relation
is in Trop(I). The result follows from transitivity.
We now prove Property (d). If π(F ) = π(F ′ ) then by Property (c) we have
In order to prove the converse statement, by Lemma 2.4 it is enough to show that π(min(H, P )) = π(min(Hû, P )) for any vector H of M(I d ), u ∈ supp(H), and P ∈S d . Set F := min(H, P ) and F ′ := min(Hû, P ).
Note that F and F ′ can only differ in the coefficient corresponding to the monomial u. We will assume that
For any circuit C of M(I d ) and any u ′ ∈ C, let λ C,u ′ ∈ R be as in Equation 
The computation of the coefficients π(F ) u using this description involves computing a maximum over only one circuit of M(I d ). This makes it computationally much simpler than formula (4.3), assuming that we know the function p d .
